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Abstract

We survey the state of the art in the fields of Locally Decodable Codes and Private
Information Retrieval. We present enough background, including a brief description of
Quantum Computing, to make this paper self-contained. Of note, we include the recent
construction of Yekhanin [29, 14], which yields the best known general bounds for PIR
protocols and LDCs.

1 Introduction

Coding theory, which provides much of the setting and foundation for the topics of this paper,
can be roughly divided into two separate but intimately related fields: the study of error-
correcting codes, and information theory [25]. The study of error-correcting codes goes back to
the beginnings of information theory with Shannon’s and Hamming’s seminal papers [11, 23, 24],
published nearly simultaneously in the late 1940’s, and these codes have since found numerous
applications in real life situations where noise is an important consideration.

An error-correcting code is a mapping of strings x of length n to codewords C(x) of length
m, with m typically much greater than n; we then also define some decoding algorithm which
attempts to recover strings x from their codewords C(x). The information rate (or just rate)
of a code is thus the ratio n/m, which can be interpreted as the average amount of information
from the original message x per symbol of the codeword C(x). The increase in length allows
one to introduce some redundancy into the codeword space, such that if some portion of the
codeword is corrupted the original data is not lost. This is done by using a sparse space of
codewords so that any two codewords have a sufficient number of positions different from each
other, and thus if the number of corrupted positions in a codeword is low the decoder is able
to determine the correct uncorrupted codeword C(x) and thus to decode the original message
x. This notion of distance was first formalized by Hamming and has come to be known as the
Hamming Distance between two sequences of elements from a finite space; we write ∆(x, y) to
denote the Hamming distance between two sequences x and y. Other important parameters in
the design of error-correcting codes include the minimum distance ∆(C) of a code C, defined
as minx6=y∈C ∆(x, y), i.e. the minimum Hamming distance between any pair of codewords in C;
and the relative distance of a code, defined as the ratio ∆(C)/m between the code’s minimum
distance and the length of the codewords. In Hamming’s original paper he defined the first
error-correcting codes, which have since come to be known as Hamming codes, and these codes
are part of a class of codes called perfect codes due to the fact they have maximum rate with
respect to their minimum distance. Numerous other codes have been designed since, including
for example Reed-Solomon codes which are used today to encode the information on compact
discs so as to protect against the noise introduced by the decoding process and by scratches
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on the surface of the medium - in fact without the use of such codes, compact discs would be
unusable due to excess noise from small scratches.

A field intimately related to that of error-correcting codes is information theory, whose
history goes back to the immensely influential publication by Claude Shannon [23]. In his work,
Shannon developed a mathematical formalization of the concept of information through his
definition of entropy, or the amount of information which one is missing when one doesn’t know
the value of some random variable. Using this he went on to study how one can efficiently
communicate information across both noiseless and noisy channels. In the former class of
channels the major concern is data compression, i.e. trying to transmit as few symbols across
the channel as possible such that the party on the other end is still able to recover the intended
message. In the latter class, there is the added issue that the channel probabilistically introduces
noise into the message, resulting in symbols being received which, while within the alphabet
of the code, were not those intended to be sent. Though the study of noisy channels is more
directly relevant to our present topic, Shannon showed that the same notion of information rate
is applicable to both classes of channels.

For a useful survey on the broader aspects of coding theory, we direct the reader to [25].

1.1 Locally Decodable Codes

Locally Decodable Codes (LDCs) are a rather recent addition to coding theory. The first paper
to explicitly cover the subject was by Babai et al. [1] in 1991, which examined it from the
perspective of computational verification and holographic proofs. The power which LDCs have
over traditional error-correcting codes is that in the event that one is only interested in decoding
a small number of bits of a message x from a codeword C(x) one need only inspect a small
number of bits of C(x), and thus the decoding algorithm can be faster than one which would
have to inspect all or most of C(x). A real-world example in which this could be useful is the
decompression of an encoded archive file. If one is only interested in one file out of thousands
in a large archive, the decoding algorithm can run much faster if it need not decode the entire
archive but only a small part of it. The study of Locally Decodable Codes has also proven useful
in various areas of theoretical computer science, including worst-case to average-case reductions
[2, 26], extractors [19], probabilistically checkable proofs [1], and self-correcting computation
[8].

1.2 Private Information Retrieval

Private Information Retrieval, first introduced by Chor, Goldreich, Kushilevitz, and Sudan [5],
deals with the situation where a user wants to access data from some database while preventing
the server(s) which house the database from gaining any information about which pieces of
data are being retrieved. One example in which such a protocol would be useful is in the stock-
trading domain. It might be the case that a trader wishes to query the current price of a given
stock, but also wishes to keep the identity of the stock secret to avoid attracting attention to
the stock. We note that PIR is largely a cryptographic study, with the scarce resource being
communication. In other words, computation is assumed to be cheap, while transmission of
information between parties is relatively expensive. A trivial protocol would be for the user to
simply request the entire database from a server, requiring n bits of communication. In the case
where there is only one server, unfortunately, full information-theoretic privacy requires Ω(n)
communication and thus we can come up with no scheme better than this trivial protocol [5].
Thus Chor et al. proposed the idea of redundantly storing the database in k different servers,
which in the basic case are assumed not to communicate with each other. In this setting one
can devise protocols which guarantee the information-theoretic privacy of the index i while also
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using far less communication. The initial upper bound on the communication complexity of
PIR for a generic k number of servers was O(n1/k) given in [5], and has since been improved
to nO(log log k/(k log k)). This latter bound was first given in [3], with the precise bound being
O(n2 log log k/(k log k)), but the constant in the exponent can be improved by combining a result
of Yekhanin [29, 14] with the generic recursion technique given in et al. [3].

Many variations of this model have been studied. One example is Computational PIR [18],
which trades information-theoretic privacy for computationally bounded privacy, i.e. making
it computationally expensive (reminiscent of current cryptographic schemes) for the servers to
gain any information about the index i. In this case much better upper bounds are possible,
with schemes now known that achieve polylogarithmic complexity in n. Another related model
is that of (information-theoretic) Quantum PIR, in which the communication is done using
quantum bits (qubits) rather than classical bits and the parties use quantum computers. The
results of [15] use quantum tools to prove both an exponential lower bound for 2-query LDCs as
well as showing a technique to reduce two classical queries in a PIR scheme or LDC decoder to
one quantum query, thus giving evidence (though not proof) of a quantum/classical separation
in this domain. Another model is that of Symmetric PIR (SPIR), in which the user is required
only to learn about the bits in which she is interested and nothing else. Gertner et al. proved
in [9] that SPIR is impossible unless the servers are allowed to share a random string, the
generation of which is either expensive in terms of communication (i.e. a synchronization
among the servers of some random string prior to each user transaction) or in terms of memory
consumption (i.e. the storage of many pre-calculated random strings to be used over the course
of many transactions). SPIR has even been studied in the quantum setting as QSPIR [16]. Yet
other variations allow for collusions of up to t servers while still guaranteeing privacy (t-private
PIR), etc.

There is a natural connection between PIR schemes and LDCs. Intuitively one can think of
each query to an LDC codeword as a query to a server in a PIR scheme, with the length w of
each server’s response and the size of the alphabet Σ of the LDC being related by the following
formula:

|Σ| = 2w.

Thus there is a one-to-one mapping between the symbols in Σ and the possible responses that
a server could return. Precise details of such a translation will be given in Section 4.1.

2 Preliminaries

Throughout this paper we use the following notation:

[n] := {1, . . . , n}.
Y` := the `th bit of the string Y .

We also use various dot products throughout this paper. We use the following conventions with
respect to these dot products:

a · b :=
∑|a|

i=1 aibi mod 2.
〈a, b〉 :=

∑|a|
i=1 ai ∗ bi, where ∗ is the multiplicative operation of the field.

Thus the dot is used for base 2 dot products, and the angle brackets are used for general dot
products with the field given by the context.

Finally, all logarithms are base 2 unless otherwise noted.
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2.1 Information Theory

In this section we first give a brief overview of the key concepts from Information Theory, as
these both form the basis for much of coding theory as well prove useful in the analysis of LDCs
and PIR schemes. For a complete reference to the subject we refer the reader to [7].

Definition 2.1. The Hamming Distance between two strings x and y of equal length, which
we denote by ∆(x, y), is the number of positions on which x and y differ.

One can also view the strings x and y as n-dimensional vectors in the space Rn. In this
case the strings form the vertices of an n-dimensional hypercube, and the Hamming Distance
between any two strings is equal to the Manhattan Distance between their respective vertices
(i.e. the least number of edges traversed on any walk between them).

Definition 2.2. The Shannon Entropy (or just Entropy) H(X) of a discrete random vari-
able X ∈ {x1, . . . , xn} is defined as

H(X) =
n∑

i=1

p(xi) log(1/p(xi)) = −
n∑

i=1

p(xi) log(p(xi)),

where p(xi) = Pr[X = xi] is the probability mass function of the random variable X.

Shannon Entropy is a measure of the smallest possible number of bits needed to transmit a
given message across a channel. Alternatively, one can view it as a measure of the amount of
information which the recipient of a message lacks until she receives it. In the context of coding
theory, we apply the concept of Entropy by treating each bit as a discrete random variable
which ranges over its alphabet. Shannon Entropy, as it represents a theoretical lower limit on
string length, is often used in proving lower bounds and is employed in this capacity in some
of the lower bound proofs in Section 5. One useful special case of Entropy is called the Joint
Entropy H(X,Y ) of two discrete random variables X and Y , and is defined as

H(X,Y ) = −
∑

x,y∈X,Y

p(x, y) log(p(x, y)).

The Joint Entropy is, as its name implies, a measure of the entropy of two discrete random
variables treated as one system. Another useful extension of the concept of Entropy is as that
of Conditional Entropy.

Definition 2.3. The Conditional Entropy H(X|Y ) of two discrete random variables X and
Y is defined as

H(X|Y ) = H(X,Y )−H(Y ).

One can think of the Conditional Entropy H(X|Y ) as measuring the amount of information
content left in the variable X, whose value one doesn’t yet know, when one already knows the
value of the variable Y . In other words, it measures how much learning the value of Y tells you
about the variable X.

Definition 2.4. The Mutual Information I(X;Y ) between two discrete random variables X
and Y is defined as

I(X;Y ) =
∑

x∈X

∑

y∈Y

p(x, y)
p(x, y)
p(x)p(y)

,
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or equivalently

I(X;Y ) = H(X)−H(X|Y ),

where p(x, y) is the joint probability distribution of X and Y , and p(x) and p(y) are the marginal
probability distributions of X and Y , respectively.

Mutual Information is a measure of the amount of mutual dependence between two random
variables.

2.2 Locally Decodable Codes

First, we define a code C to be a function which maps strings of symbols from an input alphabet
to strings of symbols from an output alphabet. For alphabets Γ and Σ, we write C : Γn → Σm

to denote a code C which maps strings of length n from Γ to strings of lenght m from Σ.
Next, we formally define a locally decodable code.

Definition 2.5. A (q, δ, ε)-Locally Decodable Code (LDC) is a code C : Γn → Σm such
that for any message x ∈ Γn and any string y ∈ Σm for which ∆(C(x), y) ≤ δm, any character
xi can be recovered with probability ≥ 1/|Γ|+ ε by a probabilistic algorithm which makes at most
q non-adaptive queries to characters of y. Such a decoding algorithm is called a (q, δ, ε)-local
decoding algorithm for C.

One usually thinks of the parameters δ and ε as constants. The main parameters of interest
in LDCs are the query complexity q and the code length m, both of which we would like to
minimize. Since these two parameters are negatively correlated, however, the problem becomes
an analysis of the tradeoff between lower query complexity and lower code length. While in
the definition we focus solely on non-adaptive queries, it has been shown in [13] that one can
simulate any adaptive locally decoding algorithm with a non-adaptive algorithm with only a
constant loss in error probability.

In all known LDC constructions, it is possible to partition the indices of the codeword into
tuples of at most size q such that the decoding algorithm reads each tuple in this partition with
equal probability. Indeed, this fact should be somewhat natural, as an adversary who knew
that some particular indices were being read more frequently than others could strategically
corrupt these indices and reduce the performance of the decoding algorithm. This observation
leads one to the notion of a smooth code.

Definition 2.6. A (q, c, ε)-Smooth Code is a code C : Γn → Σm such that for any message x,
any character xi can be recovered with probability ≥ 1/|Γ|+ ε by a probabilistic algorithm which
makes at most q queries to indices of C(x). Further, the algorithm queries any given index
C(x)j with probability ≤ c/m. Such a decoding algorithm is called a (q, c, ε)-smooth decoding
algorithm for C.

It may be noted that this definition of a smooth code does not require the decoding procedure
to work for corrupted messages. Rather, any particular index C(x)j is required not to be read
overly often in comparison with the other indices.

Later we will show that there is a close relationship between PIR schemes and smooth codes.
This in turn establishes a link between PIR and LDCs due to the following fact.

Theorem 2.7 ([13, Theorem 1]). Let C : Γn → Σm be a (q, δ, ε)-locally decodable code. Then
C is also a (q, q/δ, ε)-smooth code.
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Proof. Let A be a (q, δ, ε)-local decoding algorithm for C. For all i ∈ [n], let Si be the set of
indices j ∈ [m] for which Pr[A(·, i) reads index j] > q/δm. Since A(·, i) reads at most q indices,
we see that |Si| ≤ δm.

Define a new algorithm A′ as follows. The algorithm A′(·, i) runs A(·, i) as a black box, with
A′(·, i) intercepting requests by the A(·, i) for reads to indices of C(x). If the index requested
is not in Si, A′(·, i) simply reads the index and returns the result to A(·, i). If the index is in
Si, however, A′(·, i) simply returns 0. Thus we see that

Pr[A′(C(x), i) = xi] = Pr[A(y, i) = xi],

where we define the string y as follows

yj =
{

0 if j ∈ Si

C(x)i if j 6∈ Si

Since |Si| ≤ δm, we see that ∆(C(x), y) ≤ δm. Thus the above probabilities are at least 1/2+ε,
and so we see that A′ is a (q, q/δ, ε)-smooth decoding algorithm for C.

There is also a converse translation from a smooth code to an LDC. Take any (q, c, ε)-smooth
code C. By definition, in decoding a character xi, any index C(x)j is read with probability at
most c/m. Thus by the union bound we see that

Pr[∃ a corrupted index among the ones we query] ≤
∑

corrupted indices j

Pr[j is read]

≤ (δm)(c/m) = cδ.

Thus for any δ we have a (q, δ, ε− cδ)-locally decodable code C since the probability of reading
only non-corrupted indices is at least 1− cδ.

2.3 Private Information Retrieval

Next we define the notion of a private information retrieval protocol.

Definition 2.8. A one-round, (1−ρ)-secure, k-server private information retrieval scheme with
recovery probability 1/2 + ε, query size t, and answer size w consists of a randomized algorithm
(executed by the user) and k servers S1, . . . , Sk such that

• For some i ∈ [n] such that the user wishes to retrieve bit xi from the database, the user
generates k t-bit queries q1, . . . , qk and sends these to the respective servers S1, . . . , Sk.
The jth server sends back a response of length w equal to the value of some function
evaluated on inputs x and qj.

• The user then outputs her guess b for xi based on i and w1, . . . , wk. For all x and i,
Pr[b = xi] ≥ 1/2 + ε.

• For all x and j, the probability distributions on qj are ρ-close (in terms of total variation
distance) for all different i.

All randomness is taken over the user’s internal coin flips. The scheme is linear if, for every
j and query qj, the jth server’s answer wj is a linear combination over F2 of the bits in x.
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The communication complexity of the scheme is seen to be k(t + w), i.e. the amount of
communication between the user and each server multiplied by the number of servers. The
scheme is called one-round because there is exactly one pair of communications from the user to
the servers and back again. All known PIR schemes have one round of communication, ε = 1/2
(i.e. zero error probability), and ρ = 0 (i.e. perfect privacy). We will assume one round and
ρ = 0 throughout this paper unless explicitly mentioned.

3 Private Information Retrieval Schemes

We begin with an exposition of various PIR schemes, and then show how in general to construct
an LDC from a PIR protocol.

3.1 A First Example

In their initial paper on PIR, Chor et al. [5] introduced the notion of Private Information
Retrieval and presented three PIR schemes:

• A scheme with O(n1/3) communication complexity for k = 2 servers.

• A scheme with O(n1/k) communication complexity for k ≥ 2 servers.

• A scheme with O(log2 n log log n) communication complexity for k = O(logn) servers.

As an example, we illustrate here a simple PIR scheme with a slightly worse O(n1/2) com-
munication complexity for k = 2 servers. We arrange the n-bit database in a

√
n×√n square.

Thus the bit xi is uniquely determined by its coordinates (i1, i2) in this square. The user then
randomly chooses a

√
n-bit string y and sends as query q1 the string y to server S1 and sends

as query q2 the string y ⊕ ei1 to server S2. (Here ei1 denotes
√
n-element vector with all zeros

except a 1 at position i1.) The servers respond by sending the strings qj · C1, . . . , qj · C√n for
j ∈ {1, 2} back, where C` denotes the `th column of the square database. The user then selects
the bits q1 · Ci2 and q2 · Ci2 from the two responses and computes their XOR:

(y · Ci2)⊕ ((y ⊕ ei1) · Ci2) = ei1 · Ci2 = xi,

and thus the user is able to retrieve the desired bit with perfect privacy and perfect probability.

3.2 The Polynomial Method

The first improvements over the O(n1/k) upper bound in the case for a general k servers all made
integral use of recursive techniques. This method for constructing PIR schemes involves viewing
the database as a multivariate polynomial and applying a recursive scheme which allows one to
generate a new PIR protocol P ′ for k′ > k servers from an existing protocol P for k servers. The
requirements for P to be suitable for this recursion are similar to those on the 2-server protocol
in Ambainis’s construction: the majority of the communication must go from the servers to the
user, the user must need only a small subset of the bits from the servers’ responses, and finally
each response must consist of many sub-responses such that each sub-response is known to
several servers. Then the user and servers execute a two-level scheme where the servers, rather
than sending their long responses back to the user, treat the sub-responses as new database
strings. Then the user executes another PIR protocol on these strings in order to retrieve only
the bits she requires from them, reducing the total communication. Throughout this section we
stay close to the original proofs in [3].
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First, we point out that throughout this construction all arithmetic is done over F2. To
apply this method then, one associates with every index i of the n-bit database string x an
m-bit encoding E(i). We then represent x by an m-variate degree-d polynomial Px(Z1, . . . , Zm)
such that the following condition holds:

∀i ∈ [n], Px(E(i)) = xi.

The coefficients of Px depend only on x, and thus each server Sj is able to compute them. The
user’s goal then is to evaluate Px(E(i)) without giving away to the servers the value of E(i), as
this would give away information about the index i. Thus the user randomly chooses j strings−→y j of length m such that

k∑

j=1

−→y j = E(i)

and sends to each server Sj all −→y ` such that ` 6= j. (Throughout this section we use uppercase
letters to denote variables and lowercase letters to denote assignments to those variables. The
vector notation is used to emphasize the fact that the strings which encode the indices are
usually longer than 1 bit long.) Thus the distribution over the strings which each server sees is
uniform for all i, and so the servers learn nothing about i from this step.

For the encoding E(·), we simply associate with each index i an m-bit string E(i) such that
the Hamming weight |E(i)| = d. This is possible if n ≤ (

m
d

) ≈ md

d! , and as we treat d as a
constant this shows that m = Θ(n1/d) variables are sufficient. To facilitate our analyses, we
define the following auxiliary polynomial

Q({Yj,h}h∈[m]
j∈[k] ) := Px(

k∑

j=1

Yj,1, . . . ,
k∑

j=1

Yj,m) = (
k∑

j=1

Yj,1)(
k∑

j=1

Yj,2) . . . (
k∑

j=1

Yj,d).

Thus we construct Q from P simply by setting each Zh =
∑k

j=1 Yj,h. Note that Q has kd

monomials each of degree d, with each such monomial of the form Yj1,1Yj2,2 . . . Yjd,d.

3.2.1 An Example of the Polynomial Method

As a first example of the polynomial method, consider some monomial M of Q - this monomial
depends on at most d variables. As each variable is known to k − 1 of the servers, then by
the pigeonhole principle there exists at least one server which is missing at most bd/kc of the
variables in M . We assign M randomly to one such server. Consider the case where d = 2k−1.
In this case, we assign each monomial M to a server which is missing bd/kc = 1 variables from
M . The servers assigned monomials substitute the values for the variables in their monomials
which they know. After this substitution the sum of all such monomials for a given server Sj can
be expressed as a degree-1 polynomial Pj(Yj,1, . . . , Yj,m) whose variables are those not known
to Sj . If the user was able to learn all such polynomials Pj , then by by substituting the values
for all their variables and summing the values of the polynomials the user would get

k∑

j=1

Pj(yj,1, . . . , yj,m) = Px(
k∑

j=1

−→y j) = Px(E(i)) = xi.

The PIR protocol thus consists of the user sending the vectors −→y j to all servers except Sj ,
and then each server Sj sends back the m + 1 coefficients (each a single bit) of the degree-1
polynomial Pj The complexity of the protocol is thus O(m) = O(n1/d) = O(n1/(2k−1)).
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3.2.2 Beimel’s Recursive Construction

Next, we present Beimel’s more complicated construction which yields a slightly better upper
bound. First we define the new polynomial Px:

Px(Z1, . . . , Zm) :=
n∑

i=1

xi

∏

E(i)`=1

Z`.

We note that since each string E(i) has Hamming weight d, the polynomial Px is the sum of
monomials each of degree d and thus the degree of Px is also d as desired. Further, when we
evaluate Px on the encoding of some index E(i) (by treating the `th bit position of E(i) as the
assignment to Z`), the only monomial whose value is 1 is that whose coefficient is xi. Thus we
see that Px(E(i)) = xi. Note that these monomials are multilinear monomials, as we’re working
in F2 and thus for a ≥ 1, xa = x.

In the recursive protocol, we assume that each server’s response consists of several sub-
responses, and that each sub-response is known to several servers. The recursion involves
viewing these sub-responses as new database strings and in turn representing these strings by
polynomials. We thus want to show how to construct a set of polynomials such that

k∑

j=1

Px(−→y j) =
∑

V⊆[k]

PV (zv),

where PV is a polynomial computable by every server in the set {Sj | j ∈ V }, and zv is some
assignment to this polynomial known to the user. We now define two parameters: λ and k′.
Let k′ be the minimal number of servers in any set V to which we assign a polynomial PV .
Further, the polynomials PV consist of sums of monomials M . Let λ be the maximum number
of variables each of the servers in V misses from each of the monomials in PV . To complete our
protocol, we will show how to construct polynomials PV and Pj such that for every i

xi = Px(E(i)) =
∑

V⊆[k],|V |≥k′
PV (E(i)) +

k∑

j=1

Pj(−→y j).

In addition, each PV can be computed from Px and {−→y `} 6̀∈V and each Pj can be computed
from Px and {−→y `} 6̀=j .

Before we show how to construct the polynomials PV and Pj , we first prove a small lemma
which gives an upper bound on d which guarantees that for any monomial M of degree at most
d, there either exists a server Sj which knows all but at most one variable in M (we will then
include M in the polynomial Pj), or the number of servers which miss at most λ variables in
M is greater than or equal to k′.

For some monomial M in the variables Yj,h, let V (M) ⊆ [k] denote the set of servers which
each have corresponding variables that appear at most λ times in M . (By a corresponding
variable for server Sj , we mean a variable Yj`,` such that j` = j.) Now we prove the following
lemma.

Lemma 3.1. Let k be the number of servers, and for parameters λ, k′, and d, let k′ ≤ k and
d ≤ (λ + 1)k − (λ − 1)k′ + (λ − 2). Further, let M be a monomial of degree at most d in the
variables Yj,h, with j ∈ [k] and h ∈ [m]. Then either there is a server which misses at most one
variable from M , or |V (M)| ≥ k′.

Proof. Assume toward contradiction that the lemma does not hold. Thus every server Sj misses
at least two variables in M (and thus at least two variables of the form Yj,h appear in M) and
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at most k′ − 1 servers are missing at most λ variables from M , which restated means that at
least k − (k′ − 1) servers are missing at least λ + 1 variables. Thus we see that the number of
variables in M is at least

(k − (k′ − 1))(λ+ 1) + 2(k′ − 1) = (λ+ 1)k − λk′ + λ− k′ + 1 + 2k′ − 2
= (λ+ 1)k − (λ− 1)k′ + (λ− 2) + 1
≥ d+ 1,

which contradicts our assumption about d, the maximum degree of M .

We now show via the following lemma how to construct the polynomials PV and Pj .

Lemma 3.2. Let k, λ, k′, and d be as in Lemma 3.1 and Px(Z1, . . . , Zm) be a polynomial of
degree at most d. Then there are polynomials PV (Z1, . . . , Zm) for every V ⊆ [k], where |V | ≥ k′,
and polynomials Pj(Z1, . . . , Zm) for j ∈ [k] such that

1. Each polynomial PV is of degree λ|V | and can be computed from Px and {−→y `} 6̀∈V ,

2. Each polynomial Pj is of degree 1 and can be computed from Px and {−→y `} 6̀=j,

3. Px(E(i)) =
∑

V⊆[k],|V |≥k′ PV (E(i)) +
∑k

j=1 Pj(−→y j).

Proof. It is sufficient to prove the lemma for polynomials P ′x which consist of only a single
monomial, as we can then just sum over all such monomials in the polynomial Px. Thus we
prove the Lemma without loss of generality for the polynomial P (Z1, . . . , Zm) = Z1Z2 . . . Zd,
i.e. a polynomial consisting of a single monomial with the maximum allowed degree d.

Let

T (M) :=
∏

jq∈V (M)

Zq

∏

jq 6∈V (M)

Yjq ,q.

Note that T (M) contains terms both of the form Zq and of the form Yjq ,q. The intention is
that, if T (M) is included as part of a polynomial in the variables {Yj,h}, then each of the Zq

terms should be expanded to
∑k

j=1 Yj,q. If instead T (M) is included as part of a polynomial
in the variables {Zq}, then it should be interpreted as a single monomial. In this case, since
the coefficient

∏
jq 6∈V (M) Yjq ,q is known to all servers in V (M) these servers can substitute the

coefficient in the monomial. Thus the monomial’s degree is ≤ λ|V (M)|, as each server appears
in V (M) at most λ times.

We now give an algorithm to construct the required polynomials PV . A sketch of its oper-
ation is as follows. The algorithm handles monomials M with sets V (M) ≥ k′ one at a time,
placing them in the polynomials PV where V = V (M). Monomials may be removed from this
set and added again throughout the running of the algorithm, but care is taken to ensure that
the algorithm eventually halts after having handled all necessary monomials and thus having
constructed the requisite polynomials PV .

Let r(M) denote the number of variables Yjq ,q in M with jq ∈ V (M). The algorithm
executes the following steps:

1. Set Q′ = Q and for all V set PV (Z1, . . . , Zm) = 0.

2. Find the size of the largest set V (M) for any of the monomials M currently in Q′. Set V
equal to one of these sets V (M). If |V | < k′ then STOP.

10



3. While there is a monomial M such that V (M) = V :

• Among these M ’s choose an M that maximizes r(M).

• Add T (M) to PV and set Q′ = Q′ − T (M).

4. GOTO 2.

To see that the algorithm produces the desired polynomials PV , view each T (M) added to them
in Step 3 as a sum of monomials in the variables {Yj,h}:

T (M) =
∏

jq 6∈V (M)

Yjq ,q

∏

jq∈V (M)

(
k∑

j=1

Yj,q).

If we expand the second product, we see that there are exactly kr(M) monomials in each T (M),
each of degree d. Further, since Q = P and since we construct the polynomials PV by simulta-
neously adding a T (M) to some PV and subtracting this T (M) from Q′, we see that at the end
of the algorithm that

P (Z1, . . . , Zm) =
∑

V⊆[k],|V |≥k′
PV (Z1, . . . , Zm) +Q′(Z1, . . . , Zm).

Now, note that the only monomials M in Q′ when the algorithm halts are those for which
|V (M)| < k′, and thus by Lemma 3.1 and our choice of d, λ, and k′ we know that for each
such M there must exist some server which only misses at most one variable from M . Thus
we assign each monomial M in Q′ to a polynomial Pj such that server Sj misses at most one
variable from M .

The last thing necessary is an argument which shows that the algorithm eventually halts. We
define an equivalence relation over monomialsM1 = Yj1,1Yj2,2 . . . Yjd,d andM2 = Yj′1,1Yj′2,2 . . . Yj′d,d

as follows. We say that M1 ≡ M2 with respect to some subset W ⊆ [k] if the following two
conditions are met: (1) V (M1) = V (M2) = W and (2) for each index q ∈ [d], either jq, j′q are
both in W or jq = j′q (and thus the same variable Yjq ,q appears in both monomials).

Now let M1 be a monomial of T (M) and note the following:

1. V (M1) ⊆ V (M), because for any server not to be in V (M) it must appear in M more
than λ times, and the variables so included in M are also included in M1 due to the way
we define T (M). Thus these servers also appear in M1 at least the same number of times.

2. r(M1) ≤ r(M). Due to how we construct T (M), the maximum number of variables in M1

which correspond to servers in V (M1) is |V (M)|.
3. If V (M1) = V (M) and r(M1) = r(M), then by definition M1 ≡ M (with respect to
V (M)).

4. If M2 ≡M1 (with respect to some set W ), then M2 must also be in T (M) because by (1)
V (M2) = W ⊆ V (M) and the way we have constructed T (M) ensures that all monomials
for which this is true are included in T (M).

Thus we see that if M1 ≡ M2 then, at any stage of the algorithm, either both M1 and M2

are in Q′ or both of them are not. This is because it is true at the beginning (as we set Q′ = Q,
which is simply the sum of all monomials of the form Yj1,1Yj2,2 . . . Yjd,d) and whenever we update
Q′ by subtracting T (M) for some monomial M , by (4) we either add both M1 and M2 to Q′ or
subtract them both. (Note that since we are working in F2, subtraction and addition amount
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to the same thing. By removing a monomial, we mean adding it twice so that its coefficient
becomes even and thus equal to 0( mod 2).)

In order to see now that the algorithm halts, note that even though new monomials M ′ may
be added to Q′ by subtracting T (M) throughout the running of the algorithm, these monomials
always either have smaller V (M ′) or r(M ′) and thus we are always progressing. To see this,
remember that we always pick in Step 2 a maximal set V and among the monomialsM for which
V (M) = V , we always choose one in Step 3 such that it maximizes r(M). We thus delineate
three cases which characterize the monomials which are added to Q′ when we subtract T (M):

1. V (M ′) ( V (M). In this case M ′ will simply be dealt with at a future point in the
algorithm when V (M ′) is chosen in Step 2 (provided it isn’t removed before then by a
subsequent addition of another T (M)).

2. V (M ′) = V (M) but r(M ′) < r(M). In this case M ′ will be dealt with at a future point
in the loop of Step 3, provided again that it hasn’t been removed before then.

3. V (M ′) = V (M) and r(M ′) = r(M). In this case, by (4) above, when we subtract T (M)
from Q′ we remove both M and M ′ from Q′. After we finish Step 3, we’ve completed the
construction of the polynomial PV and thus we won’t return to either monomial again.

Thus we see that the algorithm is both correct and that it halts, and so how we can construct
the desired polynomials.

Finally, let us analyze the communication complexity of the resultant PIR protocol. Note
that, even though we are implementing a recursive scheme, we can still implement the protocol
in 1-round by having the user send simultaneously her queries for both the k-server protocol,
which determines the database strings to be used in the latter protocols, and the k′-server
protocols at once. The servers then respond in a single round with the coefficients required by
the user to evaluate the polynomials PV and Pj . Thus the communication complexity is equal
to the sum of the communication required to retrieve the necessary information about the sets
of both the polynomials PV and Pj . The communication required to retrieve the polynomials
Pj is simply O(m) = O(n1/d), as these polynomials are degree-1 polynomials of m variables.
Thus to retrieve them requires each of their m+1 coefficients to be transmitted. To retrieve the
necessary coefficients for the polynomials PV , we execute with each set of servers V such that
|V | ≥ k′ a different protocol P ′ as described above. Now, let CP (n, k) denote the complexity
for a protocol P with database length n and k-servers. Thus we have the following theorem.

Theorem 3.3. Given a PIR protocol P with communication complexity CP (n, k) and positive
integers d, λ, k′ such that k′ < k and d ≤ (λ + 1)k − (λ − 1)k′ + (λ − 2), there exists a PIR
protocol P ′ with communication complexity

CP ′(n, k) = O

(
n1/d +

k∑

`=k′

(
k

`

)
CP (nλ`/d, `)

)
= O

(
n1/d + k

(
k

k′

)
CP (nλk′/d, k′)

)
.

The second equality is justified by the fact that in this protocol, the complexity cannot in-
crease by adding more servers. Thus complexity of the sum is upper bounded by the complexity
of the term with the smallest number of servers. In general, this quantity is dominated by the
CP term which comes from communicating the coefficients of the PV polynomials, as should be
expected, and so we drop the n1/d from the analysis below. In addition, we generally treat k
(and thus k′) as a constant, so the k

(
k
k′

)
factor can be dropped from the analysis as well. This

gives a recursive complexity analysis - let us analyze this so as to give a specific bound.
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Lemma 3.4. For every integer i ≥ 3, there is a PIR protocol Pi such that CPi(n, k) = O(n2/(ik))
for every constant k ≥ (i− 1)!, where the constant depends on k.

Proof. As shown above, there exists a protocol that achieves O(n1/(2k−1)) communication for
all k. Thus for i = 3, we require a protocol of O(n1/(1.5k)) but already have a better one, and we
also have the necessary protocols for i = 1, 2. For the induction hypothesis, assume that i ≥ 3
and that there exists a PIR protocol Pi such that CPi(n, k) = O(n2/(ik)) for every k ≥ (i− 1)!.
Thus we need to show how to construct a protocol P ′ such that CP ′i (n, k) = O(n2/((i+1)k)) for
all k ≥ i!. To do this, set k′ = bk

i c (and so k′ ≥ (i − 1)! since k ≥ i!), set λ = d i
2e (and so

λ ≥ 2, since i ≥ 3), and set d = (λ+ 1)k− (λ− 1)k′ (and so d ≤ (λ+ 1)k− (λ− 1)k′ + (λ− 2),
since λ ≥ 2). Thus we can apply Theorem 3.3, which states that there exists a protocol Pi+1 of
complexity CPi+1(n, k) = CPi(n

λk′/d, k′) = O(n2λk′/(idk′)) = O(n2λ/(id)). Thus we need to show
that 2λ/(id) ≤ 2/((i+ 1/k), which we do as follows

λ

id
≤ λ

i((λ+ 1)k − (λ− 1)k/i)
=

λ

k(λi+ (i− λ+ 1))
≤ λ

k(λi+ λ)
=

1
k(i+ 1)

,

where the first inequality is justified by a substituting the assumed bound on d and substituting
k/i for k′, while the second inequality is justified by the fact that λ = d i

2e.
We are now ready to prove the main result of this section.

Theorem 3.5. There exists a PIR protocol P with CP (n, k) = O(n2 log log k/(k log k)) for all k ≥ 3.

Proof. Set P to be the protocol from Lemma 3.4, and set i = dlog k/(log log k)e. Thus
(i − 1)! ≤ (i − 1)i−1 ≤ log klog k/(log log k) = k, and so CP (n, k) = CPi(n, k) = O(n2/(id)) =
O(n2/(k log k/(log log k))) = O(n2 log log k/(k log k)).

It should be noted that the above bound is general for all k, but that better bounds are
possible by choosing optimal values for the parameters in Theorem 3.3 for the specific value
of k in which one is interested. As an example, consider the case where k = 3. We know
there is a 2-server protocol with complexity O(n1/3), and we can set λ = k′ = 2 and d = 7 (as
(λ+ 1)k− (λ− 1)k′ + (λ− 2) = 9− 2 = 7). Thus we apply Theorem 3.3 to generate a protocol
with complexity O(n1/7 + n(2·2)/(7·3)) = O(n4/21).

4 LDC Constructions

In this section we discuss known constructions of LDCs, with the main focus being Yekhanin’s
construction based on Regular Intersecting Families from [29, 14]. Before the publication of
this result, all of the best known LDC constructions actually came from translations of PIR
schemes. We thus begin the discussion of LDCs by showing how to perform such a translation.

4.1 Getting Smooth Codes from PIR Schemes

In this section we establish, via a lemma from [10], a connection between smooth codes and
PIR schemes. The intuition should be clear - one can think of the queries to the indices in a
smooth code as particular queries sent to different servers, with the privacy requirement of PIR
being analogous to the even distribution requirement of smooth codes. Here we generalize the
original proof, which focused on the two-server case, to an arbitrary k servers.

Lemma 4.1. Assume the existence of a PIR scheme with k servers, database size n, query size
t, answer size a, and recovery probability at least 1/2+ε. Then there exists a (k, k+1, ε)-smooth
code C : {0, 1}n → ({0, 1}a)m, with m ≤ (k2 + k) · 2t. Further:
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1. If the PIR scheme is linear, then C is also linear.

2. If in the PIR scheme the user only uses k predetermined bits from each answer aj, then
this is also true for the decoding algorithm of C.

Proof. The intuition is as follows. If we enumerate all possible answers from each server, the PIR
system can be viewed as an encoding of the database x ∈ {0, 1}n as a string PIR(x) ∈ ({0, 1}a)`,
where ` = k · 2t. The user can then reconstruct a bit xi with probability 1/2 + ε by examining
k entries of the codeword PIR(x). Let pj(i) be the probability that when decoding bit xi the
algorithm reads index PIR(x)j . We note that pj(i) is independent of i due to the privacy
condition of the PIR scheme, and so we write simply pj for the probability that index PIR(x)j

is queried during the decoding of any bit xi. We will use this to guarantee the smoothness
property of smooth codes by sacrificing code length somewhat.

Note that
∑

j pjleqk. We copy entry j of the encoding nj = dpj · `e times and label the
new string with such repetitions C(x). The decoding algorithm for xi from C(x) generates
queries j1, . . . , jk just as the algorithm which decodes xi from PIR(x). However, in addition
the algorithm selects at random one of the njk

copies of each entry jk to query. If for some entry
j we have pj ≤ 1/` then nj = 1 and the algorithm simply selects this entry with probability
pj ≤ 1/`. Otherwise the jth entry is copied nj = dpj · `e > 1 times, and each copy is queried
with probability pj/nj which is

pj

dpj · `e ≤
pj

pj · ` =
1
`
.

Now the length m of the string C(x) can be derived as follows

m =
∑̀

j=1

nj =
∑̀

j=1

dpj · `e

≤
∑̀

j=1

(1 + pj · l) = `+
∑̀

j=1

pj · `

≤ (k + 1) · `.
Using this we see that 1/` ≤ (k + 1)/m, and so no entry is queried with probability greater

than (k+1)/m. Further, the recovery probability of the bit xi is unchanged by the translation,
and thus remains 1/2 + ε.

As an example of the application of this lemma, consider the PIR scheme discussed in
Section 3.1 where we have 2 servers, t =

√
n size queries, a =

√
n size answers, and ε+ 1/2 = 1

recovery probability. Thus by the lemma, we know that there exists a (2, 3, ε)-smooth code
C : {0, 1}n → ({0, 1}a)m and m ≤ 6 · 2t, where the codeword length is large enough so as to
allow distinct codewords for all possible combinations of the user’s queries and servers’ responses.
In turn, by the discussion which follows Theorem 2.7, we know that C is also (2, δ, ε−3δ)-locally
decodable for all δ.

The best asymptotic codelength for LDCs known is still m = 2O(log log k/(k log k)), originally
attained by the LDCs derived from the PIR scheme presented in Theorem 3.5. The constant in
this bound was greatly improved however by replacing the O(n1/3) 2-server base scheme used
in the recursion with the O(n1/32576258) 3-server scheme of Yekhanin’s.
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4.2 Yekhanin’s Construction

In [29], Yekhanin presented a novel construction for LDCs which greatly improved the code
length over any known 3-query LDC. Unlike previous constructions, this one uses algebra over
finite fields to craft certain families of sets. The outline of his construction is as follows. The
first step is the definition of a certain combinatorial object, viz. that of a regularly intersecting
family of sets. He then shows that the existence of such a regularly intersecting family implies the
existence of an LDC. Next he defines two further concepts - that of a set being combinatorially
nice and that of a set being algebraically nice - and shows how to construct regular intersecting
families from sets with both types of niceness. Finally, he shows how to construct such a nice
set, and thus an LDC, from any Mersenne prime.

First, we state Yekhanin’s main result.

Theorem 4.2 ([29]). For every positive integer n there exists a code of length 2O(n1/32582657)

which is (3, δ, 1/2− 6δ)-locally decodable for all δ.

4.2.1 Constructing Regular Intersecting Families from Nice Sets

In this section we define some set-theoretic properties and show how we can construct sets with
these properties which imply the existence of LDCs. The first such property applies to families
of sets which we call Regular Intersecting Families.

Definition 4.3. For i ∈ [n] and r ∈ [R], let Ti and Qir be subsets of [N ]. The subsets Ti and
Qir form a (q, n,N,R, s) Regular Intersecting Family if the following conditions are met:

1. q is odd

2. For all i ∈ [n], |Ti| = s

3. For all i ∈ [n] and r ∈ [R], |Qir| = q

4. For all i ∈ [n] and r ∈ [R], Qir ⊆ Ti

5. For all i ∈ [n] and w ∈ Ti, |{r ∈ [R] | w ∈ Qir}| = Rq/s

6. For all i 6= j ∈ [n] and r ∈ [R], |Qir ∩ Tj | is even.

This amounts to the following. We divide the set [N ] into n (possibly overlapping) sets Ti

each of size s. We then further divide these sets Ti into R sets Qir, each of size q, such that (1)
every element of Ti is included in the same number of sets Qir and (2) the size of the intersection
of the subsets Qir ⊆ Ti with all other sets Tj such that i 6= j is even.

In the following theorem we see that the existence of such set families implies the existence
of LDCs.

Theorem 4.4. The existence of a (q, n,N,R, s) regular intersecting family implies the existence
of a (q, δ, 1/2− δNq/s)-Locally Decodable Code which encodes n bits to N bits.

Proof. We identify subsets of N with their incidence vectors - i.e. we map each subset S ⊆ N
to a vector I(S) ∈ {0, 1}N where the jth entry of I(S) is 1 if j ∈ S and is 0 otherwise. We
define the code C by its generator matrix G ∈ {0, 1}n×N where each row i is defined to be the
incidence vector of Ti:
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Figure 1: Regular Intersecting Family

G =




I(T1)
I(T2)
. . .
I(Tn)


 .

Thus a codeword C(x) is given by the product xG = C(x).
Next we define the decoding algorithm A for C as follows. To decode the bit xi, A first picks

a random r ∈ [R]. Next, A makes q = |Qir| queries to C(x) in order to acquire the entries of
Qir and then outputs their parity. This amounts to outputting the dot product 〈C(x), I(Qir)〉
of C(x) and the incidence vector of Qir. If none of these q bits have been corrupted we note
that

〈C(x), I(Qir)〉 = 〈xG, I(Qir)〉 =
n∑

j=1

xj〈I(Tj), I(Qir)〉 =
n∑

j=1

xj |Tj ∩Qir| = xi|Qir| = xi.

The step from the dot product 〈xG, I(Qir)〉 to the sum is justified by the definition of G, and
the next step is justified from the fact that we are working in F2. The next equality is justified
from Part 6 of Definition 4.3, from which we know for i 6= j that |Tj ∩Qir| = 0 mod (2). The
final equality comes from the facts that we know |Qir| to be odd and that we know Qir ⊆ Ti.

Finally, we know that the probability that some particular index j is in the set Qir is q/s
by Part 5 of Definition 4.3. Thus by the union bound, the probability that one of δN corrupted
indices lies in Qir is ≤ δNq/s, and so we see that

Pr[A(C(x), i) = xi] ≥ 1− δNq/s = 1/2 + (1/2− δNq/s).
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Next we define two separate properties of sets which together imply the existence of regular
intersecting families. Recall that F∗p denotes the multiplicative subgroup of Fp, whose elements
are all non-zero elements of Fp.

Definition 4.5. A set S ⊆ F∗p is called (m,n) combinatorially nice if there exist vectors
{u1, . . . , un} and {v1, . . . , vn} ∈ Fm

p such that

1. 〈ui, vi〉 = 0.

2. For all i 6= j, 〈uj , vi〉 ∈ S.

Note that (2) implies that 〈uj , vi〉 6= 0, since 0 6∈ Fm
p .

Definition 4.6. A set S ⊆ F∗p is called q algebraically nice if q is odd and there exist two sets
S0, S1 ⊆ Fp such that

1. |S0| > 0.

2. |S1| = q.

3. For all α ∈ Fp and β ∈ S, |S0 ∩ (α+ βS1)| is even.

We now prove that a set possessing both properties gives rise to a regular intersecting family.

Theorem 4.7. A set S ⊆ F∗p which is both (m,n) combinatorially nice and q algebraically nice
gives rise to a (q, n, pm, |S0|pm−1, |S0|pm−1)-regular intersecting family, where S0 and S1 are the
sets from the definition of algebraic niceness.

Proof. Let N = pm and R = s = |S0|pm−1. Assume some bijection between [N ] and Fm
p . For

all i ∈ [n], let ui, vi be the vectors from Definition 4.5 and further let

Ti = {x ∈ Fm
p | 〈ui, x〉 ∈ S0}.

Thus we can see that |Ti| = |S0|pm−1 = R as follows. Build a vector x up one position at a time
ensuring that x satisfies the criterion that 〈ui, x〉 ∈ S0. For each of the first m − 1 positions,
we have complete freedom in choosing any of the p elements from Fp. However, for the last
position, we’re constrained to choose an element such that the dot product is in S0, and there
are obviously exactly S0 elements for which this is the case. Thus the total number of vectors x
is |S0|pm−1. Now assume for each i some bijection between between [R] and Ti = {wi1, . . . , wis}.
Let

Qir = {wir + λvi | λ ∈ S1}.
Now let us verify that the sets Ti and Qir satisfy the conditions of regular intersecting

families. The first condition states that |Qir| = q must be odd, and this is guaranteed by
Definition 4.6 of algebraic niceness. The second condition requires that for all i ∈ [n], |Ti| =
s, which is true by assumption. The third condition, which states that for all i ∈ [n], r ∈
[R], |Qir| = q, is again true by assumption.

For condition 4, note that by Definition 4.5 we know that 〈ui, vi〉 = 0. Thus for every λ ∈ S1

we see that 〈ui, wir +λvi〉 = 〈ui, wir〉+λ〈ui, vi〉 = 〈ui, wir〉, which we know to be in Ti from the
definition of Ti. Therefore Qir ⊆ Ti.

For condition 5, note that for any fixed i and w ∈ Ti we have
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|{r ∈ [R] | w ∈ Qir}| = |{wir ∈ Ti | ∃λ ∈ S1, w = wir + λvi}|
= |{wir ∈ Ti | ∃λ ∈ S1, wir = w − λvi}|
= |S1| = q,

with the third equality justified by the fact that for every λ1 6= λ2 ∈ S1, w−λ1vi 6= w−λ2vi as
v1 6= 0. Thus the number of distinct such vectors is simply equal to the size of S1. Since R = s,
we see that Rq/s = q, which is precisely what condition 5 requires.

For condition 6, fix i, j ∈ [n] and r ∈ [R] such that i 6= j. Note that

|Qir ∩ Tj | = |{wir + λvi | λ ∈ S1} ∩ {x ∈ Fm
p | 〈uj , x〉 ∈ S0}|

= |{λ ∈ S1 | 〈uj , wir + λvi〉 ∈ S0}|
= |{λ ∈ S1 | (〈uj , wir〉+ λ〈uj , vi〉) ∈ S0}|
= |S0 ∩ (〈uj , wir〉+ 〈uj , vi〉S1)|.

The first equality follows from the definitions of Qir and Tj . The last equality follows from the
fact that 〈uj , vi〉 ∈ S, which implies that 〈uj , vi〉 6= 0. This quantity is seen to be even by Part
3 of Definition 4.6.

4.2.2 Combinatorially Nice Sets

We start off the discussion of combinatorially nice sets with a review of tensor algebra.

Definition 4.8. For vectors w ∈ Fm
p and x ∈ Fn

p , define the Tensor Product w⊗x as follows

w ⊗ x = (w1x1, w1x2, . . . , w1xn, w2x1, . . . , wmxn).

Note that dim(w ⊗ x) = dim(w)× dim(x).

Definition 4.9. For a vector w ∈ Fm
p , define the `th Tensor Power w⊗` of w as follows

w⊗` = w ⊗ w ⊗ · · · ⊗ w︸ ︷︷ ︸
` times

.

Note that dim(w⊗`) = dim(w)`.
Now, for w ∈ Fm

p and positive integer `, consider w⊗` ∈ Fm`

p and label the coordinates of
w⊗` by all possible sequences in [m`] such that w⊗`

i1,...,i`
=

∏`
j=1wij .

Lemma 4.10. Let p be an odd prime, z ≥ p − 1 be a positive integer, and S be a subgroup of
F∗p. Then S is (

(z−1+(p−1)/|S|
(p−1)/|S|

)
,
(

z
p−1

)
) combinatorially nice.

Proof. Let n =
(

z
p−1

)
. For i ∈ [n] let vectors u′′i be the incidence vectors of all (p − 1)-subsets

of [z] and vectors v′′i be their complements. Thus 〈u′′i , v′′i 〉 = 0 and 〈u′′j , v′′i 〉 6= 0 for i 6= j. Let
` = (p − 1)/|S| (which is an integer due to Euler’s theorem [12, Theorem 1.7]) and u, v be
vectors in Fz

p. Then
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〈u⊗`, v⊗`〉 =
∑

〈i1,...,i`〉∈[z]`

(
∏̀

j=1

uij

∏̀

j=1

vij ) =

∑

(i1,...,i`)∈[z]`

(
∏̀

j=1

uijvij ) = (
∑

i1∈[z]

ui1vi1) . . . (
∑

i`∈[z]

ui`vi`) = 〈u, v〉`.

For i ∈ [n], let u′i = u′′⊗`
i and v′i = v′′⊗`

i . The above formula along with the cyclicity of F∗p imply
that both 〈u′i, v′i〉 = 0 for all i ∈ [n] and 〈u′j , v′i〉 6= 0 for i 6= j ∈ [n].

Note that the entries in the vectors u′i and v′i at (i1, . . . , i`) and (i′1, . . . , i
′
`) are equal provided

that the multisets {i1, . . . , i`} and {i′1, . . . , i′`} are equal. Thus these vectors contain many
repeated entries of the same value associated with a particular multiset. A basic theorem of
combinatorics states that the number of integer solutions to the equation x1+x2 · · ·+xz = `, with
xi ≥ 0 for all i, is equal to

(
z+`−1

`

)
[12, Proposition 1.4], and thus the number of distinct multisets

with elements from [z] of cardinality ` is s =
(
z−1+`

`

)
. We construct smaller vectors of length s

by counting the number of repetitions for any particular multiset. For each ui, we collapse all
repeated entries for a particular multiset to a single entry equal to the number of repetitions.
For each vi, we instead collapse all repeated entries for a particular multiset to the value which
was repeated. Finally, note that this preserves the inner product: 〈ui, vi〉 = 〈u′i, v′i〉.

Per a suggestion from Ronald de Wolf [27], we observe, using the following fact, that this
construction is nearly optimal.

Fact 4.11 ([12, Lemma 14.11]). For i = 1, . . . , n let fi : Ω → F be functions and vi ∈ Ω
elements such that

• fi(vi) 6= 0 for all 1 ≤ i ≤ n

• fi(vj) = 0 for all 1 ≤ j < i ≤ n.

Then the set {f1, . . . , fm} is linearly independent in the space FΩ.

Theorem 4.12. For any (m,n)-combinatorially nice subgroup S ⊆ F∗p, the following inequality
holds

n ≤
(
m+ |S|
|S|

)
.

Proof. For i = 1, . . . , n define the following polynomial fi in m variables

fi(x) =
∏

k∈S

(〈ui, x〉 − k) =
∏

k∈S

(ui1x1 + ui2x2 + · · ·+ uimxm − k).

Observe that for any i, fi(vi) 6= 0 since the result is a product of non-zero terms. (This
follows from the fact that S is a subgroup of F∗p and thus all its members are non-zero.) Observe
as well that for any j < i, fi(vj) = 0 since we know that 〈ui, vj〉 ∈ S and thus the result is
a product which contains a zero term. By Fact 4.11 these functions are independent in Fm

p .
Each fi is a polynomial of degree exactly |S| in m variables, and thus a small vector space in
which they reside is the span of the monomials xi1

1 x
i2
2 . . . x

im
m such that i1 + i2 + · · ·+ im ≤ |S|.

By the above-mentioned theorem from basic combinatorics, we know that the number of such
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monomials is
(
m+s−1

s

)
. Using this, we see that the number of monomials required to span the

subspace is

|S|∑

i=0

(
m+ i− 1

i

)
=

(
m+ |S|
|S|

)
,

with the equality justified as it is a known property of the binomial [17, Section 1.2.6.E].

We can estimate the above binomial as follows

(
m+ |S|
|S|

)
=

(m+ |S|)!
|S|!m!

=
(m+ 1)(m+ 2) . . . (m+ |S|)

|S|! ≤ (m+ |S|)|S| ≈ m|S|.

This implies via Theorem 4.12 that n ≤ (m+ |S|)|S| ≈ m|S|.
We similarly estimate the parameters in Lemma 4.10. We have that

m =
(
z − 1 + (p− 1)/|S|

(p− 1)/|S|
)
≈

(
z + p/|S|
p/|S|

)
≤ (z + p/|S|)p/|S| ≈ z

p
|S| .

Further, we have that

n =
(

z

p− 1

)
≈ zp.

Thus we see that in the construction given in Lemma 4.10 that n ≈ m|S|, which we know
to be approximately optimal in how large we can make m in terms of n.

4.2.3 Algebraically Nice Sets

We now show a method for constructing algebraically nice sets.

Lemma 4.13. Let p = 2t − 1 be a Mersenne prime. Then the set S = {20, 21, . . . , 2t−1} ⊆ F∗p
is 3-algebraically nice. Further, the set S0 can be chosen such that |S0| ≥ dp/2e.
Proof. By Euler’s Theorem, which states that for any group G and element x ∈ G, x|G| = 1, we
see that, for all elements x ∈ F∗2t , x

|F∗
2t | = x2t−1 = 1. Thus every element of F∗2t is a root of the

polynomial xp − 1. Further, every finite multiplicative subgroup F∗r is cyclic, and thus it has a
generator element g, meaning that every element in the group is equal to some power gγ of g.
Let g be a generator of the multiplicative subgroup F∗2t , and fix some γ such that 1+g+gγ = 0.
Let S1 = {0, 1, γ}.

For every subset T ⊆ Fp associate with it a unique polynomial in the ring F2[x]/(xp − 1) of
the form

φT (x) =
∑

t∈T

xt.

Note for all sets S1 ⊆ Fp and all α, β ∈ Fp with β 6= 0 that

φα+βS1(x) = xαφS1(x
β).

Fix some α ∈ Fp and β ∈ S. We will show that there exists some set S0 such that |S0∩ (α+
βS1)| ≡ 0 mod (2), and thus which satisfies condition 3 of algebraic niceness. The polynomials
φT (x) have degree ≤ p and can be viewed as incidence vectors in Fp

2 over the terms xt. Define
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the polynomial τ(x) = gcd(xp − 1, φS1(x)). The degree of τ(x) ≥ 1 since g is a root of both
xp − 1 and of φS1(x) = 1 + x+ xγ . Let L be the ideal (τ(x)), i.e. the linear space of multiples
of τ(x). Note that dim(L) = p − deg(τ(x)), and thus that dim(L) < p since deg(τ(x)) ≥ 1.
In particular, this means that dim(L⊥) ≥ 1, where L⊥ is the subspace perpendicular to L, i.e.
L⊥ = {a | ∀b ∈ L, 〈a, b〉 = 0}. Further, note that

φα+βS1(x) = xαφS1(x
β) = xα(φS1(x))

β = xα(φS1(x))
β−1(φS1(x)).

The second identity follows from the facts that since β ∈ S it is a power of 2 and that for
a polynomial f over F2, f(x2i

) = f(x)2
i
. Thus we see that φα+βS1(x) ∈ L as it is a multiple of

φS1(x) and thus also of τ(x). Finally note that any φT ∈ L⊥ yields a set T which can serve as
our set S0, as for such a set |S0 ∩ (α+ βS1)| must be even.

To see that we can find an S0 such that |S0| ≥ dp/2e, note that the space L is closed under
cyclic shifts, as a cyclic shift of a polynomial in L corresponds to multiplying the polynomial
by x (and thus shifting the coefficients of each term over by one position) and L is defined as
the set of all multiples of τ(x). This implies that L⊥ is also closed under cyclic shifts. As L⊥ is
nonempty, for each coordinate i there exists some vector φ ∈ L⊥ with a 1 at position i. Thus
if we take a random vector V from L⊥ we see that the value of each coordinate has expected
weight 1/2. Define for all i ∈ [p] the random variable Xi to be the weight of position i in such
a V . Further, define Y to be the Hamming weight of V . Then we see that

E[Y ] = E[X1 +X2 + · · ·+Xn] = E[X1] + · · ·+ E[Xn] = p/2.

This implies by the pigeonhole principle of expectation [12, Section 17.2] that some vector
φT ∈ L⊥ has Hamming weight at least dp/2e, and we can use this set T as our S0 to get one
with size at least dp/2e.

The largest known Mersenne prime is currently 232582657−1 and was discovered on September
4, 2006, by Steven Boone and Curtis Cooper [6]. We thus complete the proof of Theorem 4.2 as
follows. Set t = 32582657 and p = 2t−1. By Lemma 4.10 we know for any odd prime p, integer
z ≥ p − 1, and subgroup S ⊆ F∗p that S is (m,n) = (

(z−1+(p−1)/|S|
(p−1)/|S|

)
,
(

z
p−1

)
) combinatorially

nice. Further, by Lemma 4.13 we know that for any Mersenne prime p = 2t − 1 that the
set S = {20, 21, . . . , 2t−1} ⊆ F∗p is 3-algebraically nice and that we can find an S0 such that
|S0| ≥ dp/2e. Putting this together with Theorem 4.7 we see that this implies the existence
of a (3, n, pm, pm/2, pm/2)-regular intersecting family. This in turn, by Theorem 4.4, implies
the existence of a (3, δ, 1/2 − 3δpm/(pm/2)) = (3, δ, 1/2 − 6δ)-LDC which encodes n =

(
z

p−1

)

bits to pm bits. Choose z such that it is the smallest integer such that n ≤ (
z

p−1

)
and let

n′ =
(

z
p−1

)
; provided that n is large enough this can be done such that n′ ≤ 2n and thus we

don’t significantly increase the codelength. Thus given an n-bit message x, we can pad x with
zeros until its length is n′ and then we are able to encode it in pm bits. If we treat p and t as
constants we can approximate n by Θ(zp−1) and m by Θ(z(p−1)/t), showing that m = Θ(n1/t).
Thus we see that the encoding is of length pm = 2O(n1/32582657) and we are done.

Further, it has been conjectured that there are infinitely many Mersenne primes. In this
case, we see have the following theorem.

Theorem 4.14. Assuming that there are infinite Mersenne primes, for infinitely many n there

exist (3, δ, 1/2− 6δ)-LDCs of length 2n
O( 1

log log n
)

.

Proof. Following the analysis above, given some Mersenne prime p set z = 2p. Then we have

a (3, δ, 1/2 − 6δ)-LDC encoding n =
(

2p

p−1

)
= zΘ(log z) bits to pm = p(

z−1+(p−1)/t
(p−1)/t ) = 2O(z

log z
log log z )
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bits. As log logn = Θ(log log z), we see that this is equal to 2n
O( 1

log log n
)

bits.

5 Lower Bounds

The above discussions covered various LDC and PIR constructions, and thus analysis of them
gave rise to upper bounds on LDC code length. In this section we survey some lower bounds
on LDC code length.

5.1 An Information-Theoretic Lower Bound

The first lower bound result for LDCs was published in 2000 by Katz and Trevisan [13]. Their
result states that no LDC can exist which has a constant number of queries q and a constant
information rate. The proof is information-theoretic in nature, and as the results are shown for
smooth codes and not LDCs directly it relies on the translations between LDCs and smooth
codes presented in Section 2.2. The general argument is as follows. Given a q-query smooth
code C : {0, 1}n → Σm, we show how to find a subset of O(m(q−1)/q) entries of the codeword
such that these entries still contain a linear amount of information about the initial message.
Then we employ information theory to show that (log |Σ|)m(q−1)/q = Ω(n) and thus that m =
Ω((n/ log |Σ|)q/(q−1)).

We first state and prove a simple information-theoretic lemma which is used to derive the
bound.

Lemma 5.1 ([13], Theorem 2). Let C : {0, 1}n → {0, 1}m be a function. Assume there is an
algorithm such that for all i ∈ [n] the algorithm can recover bit xi from C(x) with probability
at least 1/2 + ε (with the probability being taken over the coin flips of the algorithm as well as
uniformly over all strings x). Then

n ≤ m

1−H(1/2 + ε)

Proof. From the definition of mutual information:

I(X;C(X)) ≤ H(C(X)) ≤ m.

However we also have:

I(X;C(X)) = H(X)−H(X|C(X))
≥ H(X)−∑

iH(Xi|C(X))
≥ (1−H(1/2 + ε))n.

The first inequality is justified by the chain rule of relative entropy. The second inequality is
justified by Fano’s inequality [7, Theorem 2.11.1], which implies that if a decoder can predict
Xi with probability p from knowing C(X) then H(p) ≥ H(Xi|C(X)). Putting this together
gives the lemma.

Before presenting their general result, Katz and Trevisan first analyze the special case where
q = 1 for which they produce a better bound. It is useful to walk through its proof, as it gives
the intuition behind the main result. In what follows, we use the notation Prx to denote that
the probability is being taken uniformly over all random strings x in addition to whatever other
randomness is obvious from context.
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Theorem 5.2 ([13], Theorem 3). Let C : {0, 1}n → Σm be a (1, δ, ε)-locally decodable code.
Then

n ≤ log |Σ|
δ(1−H(1/2 + ε))

.

Proof. Let A(·, ·) be the probabilistic decoding procedure for C. For i ∈ [n] and j ∈ [m], define
j to be ε-good for i if

Prx[A(C(x), i) = xi | A reads j] ≥ 1/2 + ε.

Fix some i ∈ [n]. From the definition of an LDC we have
∑

j∈[m] Prx[A(C(x), i) = xi | A reads j] Pr[A(·, i) reads j]
= Pr[A(C(x), i) = xi]
≥ 1/2 + ε.

Thus by the pigeonhole principle of expectation, we see that there must be at least one index
j1 such that Prx[A(C(x), i) = xi | A reads j1] ≥ 1/2 + ε. Thus j1 is ε-good for i.

Let C(x)j1,...,jk
denote a string which is identical to the codeword C(x) except that the

values at the indices j1, . . . , jk take on random values from the code alphabet Σ. Since LDCs
are tolerant of up to δm errors, we can iterate this procedure and we see that

∑
j2∈[m] Prx[A(C(x)j1 , i) = xi | A reads j2] Pr[A(·, i) reads j2] ≥ 1/2 + ε,

where the probability is now additionally taken over all possible random values for C(x)j1 .
Further, j2 must be different than j2 since the value at index j1 in the codeword which A
sees is random and independent of the message string x. This again implies by the pigeonhole
principle that j2 is ε-good for i. We can iterate this procedure such that we obtain a set Ji

of size |Ji| = δm since the LDC is tolerant of δm errors. In this way we can create a family
of such sets Ji, one for each index i, where ∀j ∈ Ji, j is ε-good for i. Thus by the pigeonhole
principle, there must exist some index j′ ∈ [m] which is ε-good for at least δn indices of the
input message. We can then employ Lemma 5.1, which states that

δn ≤ log |Σ|
(1−H(1/2 + ε))

.

The intuition behind the previous proof was to iteratively construct sets, the existence of
which implied the existence of a particular index j′ which was good for a constant fraction of
indices of the input message. We use the same procedure in the proof of the main result of
this section. However, in this case we seek instead to iteratively create a set S′ of indices (with
|S′| = q) which gives a constant fraction of information about the input message and then again
employ Lemma 5.1.2

Before we get to the proof of this theorem we require a pair of lemmas. For a decoding
algorithm A and a set s ⊆ [m], let “A reads s” mean that, in a particular run of A, the
algorithm reads exactly the indices of the codeword which are elements of s.

Lemma 5.3 ([13], Lemma 4). Let C : {0, 1}n → Σm be a (q, δ, ε)-locally decodable code and let
A be the associated decoding algorithm. Then for each i ∈ [n] there exists a set Mi of disjoint
tuples consisting of q or fewer elements from [m] such that |Mi| ≥ εδm/q2 for all Mi. Further,
for all e ∈Mi, Prx[A(C(x), i) = xi | A reads e] ≥ 1/2 + ε/2.
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Proof. For some set s ⊆ [m] where |s| ≤ q, we say that s is ε-good for i if

Prx[A(C(x), i) = xi | A reads s] ≥ 1/2 + ε.

For all i ∈ [n], define a hypergraph Hi = ([m], Ei), with the set [m] forming the set of vertices
and Ei = {e ⊆ [m] | e is ε/2-good for i}. We say that A reads Ei if A reads some hyperedge
e ∈ Ei.

A matching M on a hypergraph H = (X,E) is a set of hyperedges such that each hyperedge
is pairwise disjoint with every other. Further, a transversal V ⊆ X for a hypergraph H is a
set of vertices such that each hyperedge e ∈ E contains at least one vertex v ∈ V . One known
result from graph theory is that on a hypergraph H where the size of each hyperedge is at most
q and the minimum size of a transversal is at least T , there must exist a matching of size at
least T/q [4, Theorem 18.6].

Now take C, which from Theorem 2.7 we know to be a (q, q/δ, ε)-smooth code, and the
hypergraphs {Hi | i ∈ [n]} defined above. Let Ei denote the set of all hyperedges which are not
ε/2-good for i. Then by the definition of a smooth code we have that

1/2 + ε ≤ Prx[A(C(x), i) = xi | A(·, i) reads Ei] Pr[A(·, i) reads Ei] +
Prx[A(C(x), i) = xi | A(·, i) reads Ei] Pr[A(·, i) reads Ei]

≤ Pr[A(·, i) reads Ei] +
Prx[A(C(x), i) = xi | A(·, i) reads Ei] Pr[A(·, i) reads Ei]

≤ Pr[A(·, i) reads Ei] + (1/2 + ε/2)(1− Pr[A(·, i) reads Ei]).

The first inequality comes from the facts that the probability of success is at least 1/2 + ε and
that A will either read Ei or Ei. The second step is justified by the fact that probabilities are at
most 1, and the third is justified by the fact that if A(·, i) reads Ei then its probability of success
is less than 1/2+ ε/2. If we rearrange the terms we see that Pr[A(·, i) reads Ei] ≥ ε/(1− ε) ≥ ε.

For all e ∈ Ei let Pe be the probability that A(·, i) reads e. Thus by the above inequality
we have that

Pr[A(·, i) reads Ei] =
∑

e∈Ei
Pe ≥ ε.

Since C is a (q, q/δ, ε)-smooth code, we know that for every j ∈ [m] that

∑

e∈Ei|j∈e

Pe ≤ q/δm.

Now let V be a transversal for Hi. Thus ∀e ∈ Ei we know that e∩ V 6= ∅ by the definition of a
transversal. Thus

∑

e∈Ei|e∩V 6=∅
Pe ≥ ε.

Putting this together we see that

ε ≤
∑

e∈Ei|e∩V 6=∅
Pe ≤

∑

j∈V

∑

e∈Ei|j∈e

Pe ≤ |V |q/δm.

Hence every transversal V for Hi has |V | ≥ εδm/q. By the above-mentioned result from graph
theory, this implies that there exists a matching Mi on Hi with |Mi| ≥ εδm/q2.
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This lemma is important, in that it establishes the fact (assuming without loss of generality
that m divides q) that we can reduce any decoding algorithm A for an LDC to another algorithm
A′ with an associated partition of the codeword indices [m] into a set of q-tuples such that A′

queries any tuple from this partition with probability q/m. (We can pad any tuples from the
above lemma which have fewer than q elements with dummy values to bring their size up to q.)
Thus we see that C is also smooth over these tuples. Note that this reduces A, an algorithm
with worst-case success probability of at least 1/2 + ε, to A′, an algorithm which only has an
average-case success probability of at least 1/2 + ε and whose worst-case success probability
might be much worse. Nonetheless, this result has proven generally useful in reasoning about
lower bounds for LDCs, and an example of its use will be seen in Section 5.2.

Now let H = (X,E) be a hypergraph and M be a matching on H. The second lemma
we will use in the proof of this section’s main result gives a bound on the number of vertices
we need to randomly select from H in order to have a good probability of selecting all of the
vertices from a hyperedge e ∈ E.

Lemma 5.4 ([13], Lemma 5). Let H = (X,E) be a hypergraph with |X| = m and for which
∀e ∈ E, |e| ≤ q. Let M be a matching on H of size γm with γ < 1/q. Then there exists some

t = Θ(γ
−1
q m

q−1
q ) such that for any multiset S of vertices randomly selected with replacement

from H with |S| = t,

Pr[S contains all vertices for some hyperedge e ∈M ] > 3/4.

Proof. The worst case is when H, and thus M , are q-uniform, i.e. when every hyperedge in H
contains exactly q vertices. This is because, since γ < 1/q, we can create a new matching M ′

by adding vertices to all those hyperedges in M with fewer than q vertices. Thus we confine
ourselves to this setting and derive a lower bound for the above probability in the general case.

Let S = {v1, . . . , vt} be a multiset of vertices chosen randomly with replacement from H.
Let a be a q-element subset of [t]. Define the random variable Ya as follows

Ya =
{

1 if {va1 , . . . , vaq} ∈M
0 otherwise.

Let the random variable Y =
∑

a Ya for all q-element subsets a of [t]. Thus the probability
in which we are interested can be rewritten as

Pr[S contains all vertices for some hyperedge e ∈M ] = Pr[Y 6= 0].

We bound this probability by bounding its expectation and variance as follows. As elements
of Ya are chosen with replacement, all Ya have the same distribution and so we note that

E[Y ] =
(
t

q

)
· E[Ya] =

(
t

q

)
· |M |
mq/q!

=
γm

(
t
q

)
q!

mq
,

with the second equality coming from the fact that there are mq different multisets of size q of
elements of [m] when we allow order to matter, but as it doesn’t we must correct this by q!, the
number of different permutations of q elements.

Now define another set of random variables Za = Ya − E[Ya]. First note that E[Za] =
E[Ya − E[Ya]] = E[Ya]− E[Ya] = 0, by linearity of expectation. Note further that

Var[Y ] = E




(∑
a

Za

)2

 =

∑
a

E[Z2
a ] +

∑

a,a′|a 6=a′
E[ZaZa′ ].
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(Recall that a is a q-element subset of [t], and that the a in the above sums ranges over all such
q-element subsets of [t].) We analyze the second term of the above sum as follows. Note that if
a ∩ a′ = ∅, then Za and Za′ are independent, and so

E[ZaZa′ ] = E[Za]E[Za′ ] = 0.

If instead a ∩ a′ 6= ∅, then since M is a matching it cannot contain both a and a′. Thus
E[YaYa′ ] = 0 and we see that

E[ZaZa′ ] = E[(Ya − E[Ya])(Ya′ − E[Ya′ ])]
= E[YaYa′ − YaE[Ya′ ]− Ya′E[Ya] + E[Ya]E[Ya′ ]]
= E[YaYa′ ]− E[Ya]E[Ya′ ]
< E[YaYa′ ] = 0.

Thus putting this together we see that

Var[Y ] <
γm

(
t
q

)
q!

mq
.

Finally, we can use the Second Moment Method (which follows from Chebyshev’s Inequality -
see [12, Section 22.1]) to produce a bound as follows

Pr[Y = 0] ≤ Var[Y ]/E2[Y ]

≤ mq

γm
(

t
q

)
q!
.

We wish to bound this above by 1/4 (and thus make the probability that S hits some hyperedge
in M at least 3/4). Thus we can analyze the parameter t as follows

mq

γm
(

t
q

)
q!

=
mq(t− q)!
γmt!

=
mq

γmt(t− 1) . . . (t− q + 1)

≤ mq

γm(t− q + 1)q

≈ mq

γmtq
.

If we substitute t = 4
1
q γ
− 1

qm
q−1

q = Θ(γ−
1
qm

q−1
q ) in the above equation, all variables cancel

and we are left with the required 1/4 upper bound.

We are now in a position to prove the main result of this section.

Theorem 5.5 ([13], Theorem 6). Let C : {0, 1}n → Σm be a (q, δ, ε)-locally decodable code, with
A the associated decoding algorithm. Then

m ≥ (εδ/q2)
1

q−1

(
3n(1−H(1/2 + ε/2))

4 log |Σ|
) q

q−1

.
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Proof. From Lemma 5.3 we know that for each i ∈ [n] there exists a set Mi of disjoint tuples
of elements from [m] with size ≤ q such that |Mi| ≥ γm with γ = εδ/q2 and such that, for all
e ∈Mi, Prx[A(C(x), i) = xi | A reads e] ≥ 1/2 + ε/2.

When we view each set Mi as a matching on a hypergraph with m vertices, then Lemma 5.4
shows that there exists some set S with size |S| = t = Θ((εδ/q2)−

1
qm

q−1
q ) such that for 3n/4

indices i1, . . . , i3n/4 ∈ [n], S hits each of Mi1 , . . . ,Mi3n/4
. In other words, this means that if A

reads each of these t elements from C(x) then this gives enough information such that each of
3n/4 bits of x can be recovered with probability at least ε/2. Thus by Theorem 5.2, we know
that

t log |Σ| ≥ 3n(1−H(1/2 + ε/2))
4

.

If we plug in (εδ/q2)−
1
qm

q−1
q for t we see that

(εδ/q2)−
1
qm

q−1
q log |Σ| ≥ 3n(1−H(1/2 + ε/2))

4

m
q−1

q ≥ (εδ/q2)
1
q

(
3n(1−H(1/2 + ε/2))

4 log |Σ|
)

m ≥ (εδ/q2)
1

q−1

(
3n(1−H(1/2 + ε/2))

4 log |Σ|
) q

q−1

,

proving the theorem. This thus shows that m = Ω((n/ log |Σ|) q
q−1 ), where the constant depends

on ε, δ, and q.

5.2 A Quantum Lower Bound

While the best known lower bounds for general LDCs are still polynomial, Kerenidis and de Wolf
have shown in [15] an exponential lower bound for LDCs with q = 2 queries via an argument
which uses tools from quantum computing. The general structure of the argument is as follows.
We consider some LDC C, and we use Theorem 2.7 to reduce C to a (2, c, ε)-smooth code. We
then use another Fact from [15] (see also the discussion after Lemma 5.3) to further reduce this
to a binary (2, c · 2`, ε/22`)-smooth code which is good on average. We then use yet another
reduction to show that we can transform any decoding algorithm into one which outputs the
XOR of the bits it queries. Next, we employ a reduction which transforms 2 classical queries into
1 quantum query and show that we can recover the XOR of two bits with perfect probability
with 1 quantum query. We thus have a quantum random access code of logm qubits, and since
a linear lower bound for such a code is known, we see that m = 2Ω(n).

We begin with a brief introduction to the basics of quantum computing.

5.2.1 Quantum Notation

First some notation. Consider the vector space C2 along with the standard inner product. We
choose some pair of orthonormal vectors from this space to serve as a basis - label these |0〉
and |1〉, and identify them with the vectors

(
1
0

)
and

(
0
1

)
respectively. This is an example

of Dirac notation, which proves very useful for the sorts of operations we perform on complex
vectors in quantum computation. In this vein, we further write 〈φ| = |φ〉∗ for the complex
conjugate transpose of a vector |φ〉. Finally, the inner product of two vectors φ and ψ is written
〈ψ|φ〉. Thus the Euclidean norm of φ is ‖φ‖ =

√
〈φ|φ〉.
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A qubit is a unit vector in this space, and can be written as a linear combination of the basis
vectors

α |0〉+ β |1〉 =
(
α
β

)
.

Thus the qubit is said to be in a superposition of the basis states, with each basis state con-
tributing an amplitude to the qubit’s state. One can think of this as the vector being in both
of the basis states at the same time, with each basis state contributing a given amplitude or
weight.

5.2.2 Quantum Registers

Just as a single qubit is a unit vector in the 2-dimensional complex vector space, an m-qubit
system is a unit vector in the 2m-dimensional tensor space C2 ⊗ · · · ⊗ C2. For example, a 2-
qubit system evolves within the 4-dimensional vector space C4 and has basis states |0〉 ⊗ |0〉,
|0〉⊗ |1〉 , |1〉⊗ |0〉, and |1〉⊗ |1〉. We often abbreviate |1〉⊗ |0〉 as |1〉 |0〉, |10〉, or even |2〉 as 10 in
binary radix is 2 in decimal. Thus an m-qubit system φ can be in any unit-length superposition
of the 2m basis states and can be expressed in the form

|φ〉 =
∑

i∈{0,1}m

αi |i〉 .

5.2.3 Quantum Measurement

There are two kinds of operations which the axioms of quantum mechanics allow us to perform
on quantum states: measurement and evolution. While there is a more general form of mea-
surement than that which will be presented here, the details aren’t necessary for what we will
cover and so we omit them. When we measure a quantum state, we can do so with respect to
a given orthonormal basis in the complex vector space in which the state lies and we then see
one of the basis states as a result. After this the quantum state collapses to whatever classical
state we saw, and we lose whatever information was stored in the rest of the state. Which state
we see depends on the amplitudes of the respective basis states which make up the quantum
state we are measuring. More precisely, the probability that we see a given state is equal to
the squared norm of that state’s amplitude. From this we see that the squared norms of the
amplitudes must sum to 1:

∑

i∈{0,1}m

|αi|2 = 1.

5.2.4 Quantum Evolution

The other thing we can do to quantum states is to apply certain transformations to them. This
process is called evolution, and another axiom of quantum mechanics requires that all such
transformations be linear. Thus we can write any such transformation as a complex matrix U ,
and when we apply U to the state |φ〉 it evolves to U |φ〉.

Since measuring the resulting state should still give us a probability distribution, the con-
straint that

∑
i∈{0,1}m |α′i|2 = 1 (with the α′i being the amplitudes of the resulting state) remains.

Thus we see that the transformation must preserve norms and hence is a unitary transformation.
An equivalent definition of unitary transformations states them to be all transformations whose
inverse is equal to their complex conjugate transpose - i.e. U−1 = U∗. Thus all evolutionary
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transformations are invertible. Note that this is in contrast with measurements, which are by
their nature destructive - once we measure a state |φ〉 and have it collapse to some classical
state |i〉, we cannot recover the original state |φ〉.

For a more complete reference on quantum computation, we refer the reader to [21].

5.2.5 Proof of the Quantum Lower Bound

We first state two results from other works which we will use.

Fact 5.6 ([15, Lemma 2]). Let C : {0, 1}n → Σm be a (2, c, ε)-smooth code. Then there exists
another (2, c · 2`, ε/22`)-smooth code C ′ which is good on average. Further, the decoder outputs
either the XOR or its negation of the two queried bits.

A quantum random access code is an encoding x 7→ ρx of n-bit strings into m-qubit states ρx

such that any bit xi can be recovered with some probability p ≥ 1/2+ ε from ρx. The following
lower bound is known on the length of such codes.

Theorem 5.7 ([20]). An encoding x 7→ ρx of n-bit strings to m-qubit states with recovery
probability on average over al x of at least p has m ≥ (1−H(p))n.

With these, we prove the following theorem.

Theorem 5.8 ([15, Theorem 4]). If C : {0, 1}n → {0, 1}m is a (2, δ, ε)-locally decodable code,
then m = 2Ω(n).

Proof. We start with the smooth code, using the reduction discussed previously. By Fact 5.6,
we see that without loss of generality we can transform this into a uniformly smooth code with
the added quality that the decoder only outputs the XOR (or its negation) of the two bits which
it queries.

We first formalize the concept of a query in the quantum world. There are two equivalent
(up to the requirement for some additional workspace qubits) formalizations of a query to an
m-bit string y. The first is as follows: for j ∈ [m] and b ∈ {0, 1} (with b being the target bit),
we define a query to be a unitary transformation which maps

|j〉 |b〉 → |j〉 |b⊕ j〉 .
Such an operation may be applied to any superposition of states. The second formalization,
which is that which we will use in what follows, is instead a unitary transformation which maps

|c〉 |j〉 → (−1)c·yj |c〉 |j〉 .
In this case, c is called the control bit, and as can be seen the phase (−1)yj is only added if c
is 1.

We now show the reduction of 2 classical queries to 1 quantum query. By assumption, the
classical decoder outputs the XOR of the two bits it queries. Consider the following state

1√
2
(|1〉 |1〉+ |1〉 |2〉).

If the decoder makes such a query, the resulting state is

1√
2
((−1)a1 |1〉 |1〉+ (−1)a2 |1〉 |2〉) =

(−1)a1

√
2

(|1〉 |1〉+ (−1)a1⊕a2 |1〉 |2〉),
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from which we can recover a1 ⊕ a2 with certainty. Thus we see that a decoder which uses one
quantum query can compute the same output as a decoder which uses two classical queries.

It is immediate to see that the above reduction of 2-query uniformly smooth classical codes
to 1-query uniformly smooth quantum codes induces such a random access code with p =
1/2 + ε/22`. Since we are querying a quantum state with logm qubits, we see from Theorem
5.7 that logm ≥ (1−H(p))n and thus that m = 2Ω(n), proving the lower bound. It should be
mentioned that applying the techniques in this proof allow us to improve the bound given in
Theorem 5.5.

5.2.6 Lower Bounds for LDCs with more than 2 Queries

We briefly state here the best-known lower bounds for general LDCs. In [15], Kerenidis and de
Wolf prove the following result:

Theorem 5.9. If C : {0, 1} → {0, 1}m is a (q, δ, ε)-LDC, then

m = Ω
(

(
n

log n
)1+1/(dq/2e−1)

)
,

where the constant depends on q, δ, and ε.

Recently, Woodruff improved this result slightly to Ω(n1+1/(dq/2e−1)/ log n) [28].

6 Conclusion

We have surveyed the theoretical underpinnings as well as the main results in the fields of
Locally Decodable Codes and Private Information Retrieval, covering historical results as well
as the best known upper and lower bounds. The major open questions in this field involve the
current enormous gap between the known upper and lower bounds. Yekhanin’s breakthrough
result is the first which points to a positive answer to this question, but it is still open. Futher-
more, are sub-linear schemes for PIR and sub-exponential-length LDCs possible? Is the gap
between classical PIR and Quantum PIR, with the best known 2-server classical scheme having
O(n1/3) complexity while the best known quantum scheme has O(n1/32582657) complexity, a
true separation? There is evidence that this is the case, as Razborov and Yekhanin have shown
that all bilinear group-based PIR schemes have an Ω(n1/3) lower bound for 2-server schemes
[22]. As all known schemes are baseon such groups, it seems likely that this bound holds for the
general 2-server classical case. Finally and more generally, what are the optimal PIR schemes
and LDCs, i.e. how do we close the gap between the known bounds?

For further reading, we point the reader toward the references.
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